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A method is developed for predicting rates of gas absorption into laminar rippling films in 
terms of the surface velocities. The description is an extension of the surface-stretch model of 
mass transfer ( 1 )  and is therefore useful for cases of high Peclet number. The description can 
be used with any of the presently known hydrodynamic models of rippling films and with any 
future models which may be developed, provided they satisfy two relatively nonrestrictive con- 
ditions: (1)  the ripples are of a two dimensional nature, being of constant thickness in the 
direction normal to their direction of propagation, and having no velocity components in this 
transverse direction; and (2) the ripples propagate a t  constant celerity and with constant 
shape. It can be used for both traveling and standing waves and can be extended to describe 
the effects of high net-mass transfer rates and combined diffusion and chemical reaction. 

Gas absorption by a falling liquid film is of major im- 
portance in chemical engineering at the present time, 
occurring in distillation, gas absorption, humidification, 
and vapor condensation. However, the complexity of flow 
patterns in most process equipment makes detailed analy- 
sis of the absorption process impossible. As a result, many 
experimental studies have been made in equipment of 
simpler geometry, in particular, wetted wall columns. 

Even here, however, a complete understanding of the 
absorption process is known only for the case of laminar, 
nonrippling flow in the film. When rippling or turbulence 
is present, available theoretical methods are unable to give 
even semiquantitative prediction of mass transfer behavior. 

This failure of theoretical predictions is due both to 
insufficient knowledge of fluid-dynamic behavior and to 
lack of sufficiently powerful methods for integrating the 
continuity equation. 

The only currently available integration method, that 
of Ruckenstein and Berbente (13),  fails whenever circu- 
lation patterns develop in the ripples (6) and is not 
easily generalized to arbitrary wave motions. 

The purpose of the authors is to develop prediction 
methods which are applicable to any observed surface 
motion, since many rather different types of motion have 
been reported (5, 7, 9). The current paper, describing 
mass transfer at high film Peclet number for ripples of 
constant size, shape, and celerity, represents a first step 
in this direction. 

SYSTEM 

A uniform laminar rippling flow of the type pictured 
in Figure 1 is postulated. By a uniform rippling flow it 
is meant that each ripple, which may be of an arbitrary 
shape, propagates at a constant speed or celerity c, with 
a constant size and shape. That is, the ripple does not 
speed up or slow down, does not steepen or flatten, and 
does not grow or shrink in size as it moves down the 
falling liquid film. The celerity and the velocity profile 
in the surface region are assumed to be known. 

Liquid B enters the system at x = 0, with a uniform 
concentration of dissolved gas A equal to C A r ,  but for 
x > 0 the liquid surface is exposed to a gas containing 
the vapor A. Conditions of operation are such that the 
concentration of dissolved A at the interface is maintained 
at C A O ,  a constant, ( C A O  # C A m ) .  

liquid 
in at 

--entrance to system 

.-exit to system 
Fig. 1. Physical system. 

Consideration is limited to systems in which the effec- 
tive depth of penetration of solute, the mass transfer 
boundary-layer thickness SAB, is small compared with 
both the film thickness and the local radius of curvature. 
These conditions will be met at a sufficiently high film 
Peclet number Nperl  = h , u , / D A B .  In a system of this 
type the variation of the tangential component of the 
liquid velocity over the mass transfer boundary layer will 
be small, both because of the relatively small shear stresses 
at the gas-liquid interface and because of the small pene- 
tration thickness (1 I ) . 

An adequate description of the mass transfer process 
is then provided by consideration of each differential sur- 
face element separately and the use of the surface stretch 
modification of the penetration theory (1 ) . The equation 
of continuity for species A and the boundary conditions 
for a surface element dS then take the form 
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-3 and 
(1) 

CA = CA= at t = tf  for n >  0 (2)  

C A = C A n  at n+cQ for t f < t < o o  ( 3 )  

Ca = C A o  at n = 0 for tf < t (4) 

These equations may be integrated in a manner similar 
to that illustrated in (1 ) to give 

dmA(t') = ~ ( C A O - ~ A ~ ) ~ S O ~ & & X  

<iftf+? [ds(t)/dso12 dt (5)  

where dmA(t') is the total amount of solute transferred 
across dS in the length of time t', since its entrance into 
the system: 

t' = t - t f  (6) 

The quantity dS, is a constant reference surface area to 
be defined presently. 

In order to evaluate the rate of mass transfer for the 
element dS, it is necessary to obtain an explicit expression 
for the size of the element &(t )  in terms of the fluid 
velocity profiles and the time spent in the system for each 
surface element. 

ELEMENTAL SURFACE AREA 

If the fluid surface element is viewed at a particular 
instant of time t, then each differential fluid element will 
have an age t' associated with it. At this instant of time t 
a surface element can be defined as the rectangle whose 
four corners coincide with fluid elements associated with 
t' and t' f dt', and also z and z + dz. This is illustrated 
in Figure 2. 

This surface element is always associated with these 
four imbedded coordinates and will be convected along 
with them, shrinking and stretching as they move together 
and apart. The area of particular elements will be a func- 
tion of the time of observation t and the age of the eIe- 
ment t', that is, dS = dS(t', t ) .  

The area of the element whose age is t' at the time of 
observation t can be obtained as (10) 

+ *  
dS(t', t )  = IP1 x Pzl dt' dz (7)  

where 

and 

(t'+ 

/ (t'idt:z) 

t 
Fig. 2. Surface element. 

+ 
P z =  ($) 

t'.t 
(9) 

2 

and the position vector rs of the surface is given by 

Assuming a two-dimensional nature for the ripples, SO 
that there is neither dependence on z nor a fluid velocity 

component in the z direction, one obtains for Pi and Pz: 
+ + 

and 
4 4  

Pz = 8, (12) 
Therefore, if the x and t j  coordinates of a given fluid 

element at the surface are knowa as a function of its 

age t' and the time of observation t, then P I  and P2 
could be computed and the area of the surface element 
dS(t', t )  calculated. That is, x,(t', t )  and y,(t', t) are 
needed. These must be obtained from the velocity profiles 
as discussed in the next section. 

-+ 

TRAJECTORIES OF FLUID PARTICLES 

For a uniform rippling motion of the type postulated 
in the first section, the velocity profiles and surface con- 
figuration of the film are time independent, as seen by 
an observer, moving 'downward at the ripple celerity C. 

Hence the system velocities and film thickness can be 

described in terms of the combined variable x = x - ct 
and the variable y: 

A 

(13) 
A 

Ox = u x ( x ,  y) 

( 15) 
A 

h = h(x)  
A 

At the film surface y = h ( x ) ,  so that uXs and vy, are 

functions only of x. Also, because the surface configura- 
tion is time independent to an observer moving along 
with the ripples, the velocity component normal to the 
surface, relative to hi:s coordinate system, must be zero. 
Thus if quantities relative to his ripple-fixed coordinate 
system are designated by a caret (A) so that 

A 

A 
x = x - c t  

A 
u y  = u y  

A A 
then the interrelationship of ux, and vys is 

The surface particle trajectories are now obtained by 
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one has 

c 
dSo= 1 + X 

- v o - c  

A 
Ctf xo = - 

3 3 - v0 - c 
2 2 

dt'dz = - v0 dt'dz 

(34) 

or 

The subscript s is dropped from this point on, it being 
understood that all equations refer to conditions at the 
film surface. 

The appropriate boundary condition for integration of 
Equation (21) is 

or 

Thus 

x = O  at t = t f  (22) 

(23) 
A 
x = - c t f  at t = t f  

This equation gives x ( t ,  t f )  implicitly in terms of the 
velocity profile which is assumed known. The correspond- 
ing relation giving y ( t ,  t f )  could be obtained from Equa- 
tions (15) and (19). However, as will be shown in the 
next section, this will not be necessary. 

EVALUATION OF SURFACE AREA 
A 

The remaining scale vector P1 needed to calculate dS 
can now be determined from Equations ( 11) and ( 19) : 

Equation (24) is now differentiated with respect to t' 
to obtain 

or 

But, by virtue of Equations (16) and (6) 

Therefore 

and then 

This expression then permits calculation of the area of 

an element in terms of its ripple-fixed coordinate x and 
the time it entered the system. 

For the reference area dS, it is convenient to use the 
flat, nonrippling film, where 

A 

This expression gives the relative stretching and shrink- 
ing of the surface element as a function of its ripple-fixed 

coordinate xo and its entry time tf .  From Equations (16) 

and (24) x will be a function of t and tf, so that dS/dSo 
= f (t ,  t f )  and we can now evaluate Equation ( 6 ) .  That is 

A 

A 

The amount of solute absorbed by an element during its 
traverse through the system is of most interest. In that 
case, the age of the element will be the age of an exiting 
element tl'. 

RATE OF GAS ABSORPTION BY THE SYSTEM 

Equation (41) gives the total amount of solute absorbed 
by an element from the time it enters the system at t = tf  
until it leaves the system at t = tl. The rate at which 
solute is being carried out of the system by the elements 
is the amount of solute per element times the rate at 
which elements are leaving the system. That is 

dmA dmA dS, dmA dS, dt' ---x-=- - x-x -  (42) dt dS, dt dS, dt' dt 

Therefore, combining Equations (39) and (41) and 
performing the integration with respect to Z, one obtains 
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However, in this form, the equation is difficult to use 
under most circumstances. I t  will be convenient to intro- 
duce a few substitutions. 

First, a change of the variable of integration is made. 
Thus 

(44) 

and the limits of integration becomes 
A 

(45) 

(46) 

A 
x(t1) = x(t1) - ct1 = L -  C l l  f X I  

X(tf)  = X(tf)  - ctf = 0 - Ctf = x o  

and 
A A 

Second, it will be convenient to make the factor under 
the second radical sign dimensionless, through division by 
the age of an element of a flat film 

td = 2L/3vo (47) 
and multiplication by this factor under the first radical 
sign. 

Third, an instantaneous mass transfer coefficient aver- 
aged over the system is defined as 

These changes permit Equation (43) to be written as 

where 

This equation can now be written in dimensionless form 
as 

NstAB = G X  NperZ-yz  X A (51) 

with NstAB and N p e r Z  being the usual Stanton and length 
Peclet numbers for mass transfer. - 

The result of a simple penetration model for a flat, non- 
rippling film is 

so that the entire effect of the ripples upon the mass 
transfer can be expressed in the correction factor A. 

For a given system length, the three quantities L, x0, 

and x1 are not all independent. Equations (45) and (46) 
give 

A 

A 

- 
A A 
x o  + L - x1 

tl - tf  = 
C 

but Equation (17) also gives 

(53) 

Therefore 

A This equation then gives the value of xo, the initial ripple- 
fixed coordinate of the surface element, which is deter- 

Equation (55) and (51) then permit calculation of 

the correction factor h for a given value of XI, However 

h will generally depend on XI, since the rate of mass 
transfer may depend on whether the element enters or 
leaves the system on a crest or a trough or somewhere in 
between. For this reason, the average value of the Stanton 
number over a long period of exit times is of more interest 
than the instantaneous values. Thus 

mined by a given system length L and final coordinate X I .  A 

A 

A 

where 

(57) A =: 

from Equation (45) 

so that 

A 

dxl= - c dtl (58) 

In generaI, though, if the ripples have a periodic be- 
havior, then the integrals can be taken over only a single 
cycle and can be written as 

In principle, then, the description of gas absorption by 
the rippling film is complete. Equation (55) pennits 

calculation of xo as a function of x1 for a given system 
length L. Then Equation (50) permits calculation of the 

instantaneous correction factor as a function of XI .  Then 
Equation (59) gives the average correction factor, and 
finally Equation (51) gives the average Stanton number 
which describes the average mass transfer coefficient. In 
actual fact, however, as will be seen in a following section, 
the equations are extremely complex for any system of 
real physical interest, and numerical analysis must be 

A A 

A 

employed. 
If the rippling motion is periodic, then the basic Equa- 

tions [ (50), (55),  and (59) ] can be written in dimen- 
sionless form by defining the dimensionless quantities 

- A  - A  
O x  = V J V O  2)y = vy/vo /9 = c/vo 

(65,66,67) 
Then Equation (55) becomes 

J, c - 
B =o v x ( x >  

the instantaneous correction factor is 
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,l , I - -  - -  or 

and the average correction factor is 
1 -  

A =  1 * ( X I )  d l l  (70)  

These equations describe mass transfer to rippling films 
[(SO), (55), (561, and (59)] and are subject to three 
restrictions : 

1. The ripples are of a two-dimensional nature, being 
of constant thickness in the z direction. 

2. The ripples propagate at constant speed c in the x 
direction with constant size and shape. 

3. The film Peclet number is high enough that v, is 
essentially constant over the mass transfer boundary layer; 
this will always occur at sufficiently high Peclet number. 

Equations (56), (68), (69), and (70) are further 
restricted to periodic motion. 

Most of the existing hydrodynamic models for rippling 
films meet the above requirements on flow conditions. 
The periodic steady state models, [Kapitza ( 8 )  and 
Massot, Irani, and Lightfoot (12)  1, the linear stability 
analyses [Benjamin ( 4 )  or Yih (14) ] under conditions 
of neutral stability, and the nonlinear stability analysis 
[Anshus ( 3 ) ]  all meet these requirements. The equations 
which have been developed here are not restricted to 
traveling waves; they are equally applicable to standing 
waves for which 

A 

h A 
c = 0, vZ = V ,  vY = V ,  (71,72,73) 

One must, however, be careful in applying these results 
to long films, where the depth of solute penetration may 
be large. 

EXAMPLE I: FLAT, NONRIPPLING FILM 

The first example of the application of the equations 
will be to a flat, laminar, nonrippling film. Since the pene- 
tration model applied to such a film gives Equation (52),  
should be identically unity everywhere. 

For a flat film - 
vy = 0 (74) 

(75) 
3 
2 

--- - B  

where B is completely arbitrary. Equation (68) then be- 
comes 

w -  - - -  - -  
(76) 

L + x o  - XI =J;r=- dx x1- xo 

3 
2 2 

2 

B - - B  - - p  

This can be rearranged to give 
- - -  
x l - x o = L .  ( 1 - - 3 B )  (77) 

The correction factor is then given by 

or 

Thus the equations are consistent in that they give the 
correct answer for the flat film 

EXAMPLE II: PERIODIC STEADY STATE MODEL OF 
MASSOT, IRANI, AND LIGHTFOOT (MIL), 0 2 )  

model as 
The velocity profile within the film is given by the MIL 

where 

q = ACOS (83 )  

5 = y/h (84) 

is the surface displacement profile and 

In addition, the MIL model predicts that a, ,f3, and A are 
functions only of the Weber number. 

If Equations (81) and (82) are evaluated at the sur- 
face ( E  = 1 )  and are made dimensionless, they become 

1 - " 1 + q  
(3- 2 8 )  + Bg 

v, = - 
2 

Equation (68) then becomes 

- - -  - 
L+xo--Xl =g I + ?  dx (87) 

2 2 1 
- B  3 ( I - , B )  +p 

Upon substitution of Equation (83) for 7, Equation (87) 
can be rearranged to give (see Appendix A) 

A - - -  
(88) 

*CL + 3 ( x o - ~ d l  - 27rq du 
B -  1 a + b c o s u  

where - 1 
3 

a =  (1-$8). b=-A/3, u=2nx 

(89,90, 91) 

The integration, however, is lengthy and must be care- 
fully performed. 
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The integral can take several different forms, depending 
on whether the denominator of the integrand can become 
zero. This can happen if 

bz A a2 (921 
Examination of Equations (81) and (82) shows that 

when the denominator of the integrand becomes zero, 
the surface velocities in the ripple-fixed coordinate system 

v, and vy also become zero. Equations (81) and (82) 
can give two types of streamline patterns in the ripple- 
fixed coordinate system, depending on whether condition 
(92) is satisfied or not (6). These two streamline patterns 
are shown in Figures 3 and 4. 

The circulating type will occur if condition (92) is 

satisfied, or equivalently if A > 2 - -. The points where 

v, and vy become zero are the stagnation points A, B, C, 
and C'. These correspond to the places where the de- 

A A 

3 
B - w 

Y Y 

/ I 
' x  X 
Fig. 3. Noncirculating ripples. Fig. 4. Circuloting ripples. 

f 

Fig. 5. The 'functions g == u + b * cos (ul, f = l/g, and e = 
1 f du. 

nominator of 11 becomes zero. 
The Qualitative behavior of the functions e = a + b * 

I 0 

du S ' d u =  a + b c o s u  
cos ( u ) ,  f = l/g, and e = 

are shown in Figure 5 for the two cases a2 > bz and 
a2 < b2. The points labeled A, B, C, and C' correspond 
to similar points in Figure 4. 

Because of the physical impossibility of surface ele- 
ments flowing past the stagnation points, both limits of 

integration x, and x1 will lie on the same branch of the h 
curve, so no difficulties will arise from integration across 
the discontinuities. 

Equation (88) can now be written out in closed form 
for each of the two types of flow (see Appendix A ) .  For 
the noncirculating flow (a2 > P), it is 

tan-' [ 

- - 

CI - 
1 ( b  - a)  tan T X ' ~  ( b  - u )  tan EX, -1 -tan-' c q m  4- 

- w -  

(93) 
- n[L + 3 (xo-x i ) ]  Va2-b' _ -  

203- 1) 
For the circulating flow (a2 < b2) it is given, in general, 
bY 

[ ( b  - a)  tan T:, - G-1 
[ ( b  - 1%) tan ~ 2 ,  + d-1 

X- 

(94) - _ -  
8-1 

This last equation can be rewritten in two alternate forms 
which may be more coivenient. In region AB 

tanh-l [ (b--a) tanax1 
- 

I ( b  - a)  tan nxo - tanh-1 q i F = 7  -1- [ v b 2 x g  
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SUMMARY 

Equations (50),  (55), (56),  and (59) have been 
developed to predict gas absorption by laminar films 
which have ripples of constant size and shape, propagat- 
ing at constant speed in the x direction. The equations 
can be specialized to Equations (56), (68), (69), and 
(70) for periodic ripples. These equations have been ap- 
plied to two examples: the flat film, and the ripple model 
of Massot, Irani, and Lightfoot (10). In the first exam- 
ple, the expected, trivial results ( A  = 1)  are obtained, 
and in the second example, numerical analysis must be 
employed for a final description. The effects of high net- 
mass transfer rate and of chemical reaction are predicted 
to be the same as for flat, nonrippling films. 

- 
These last four equations then give x, as a function of 

x l  and L and the hydrodynamic constants, a, 8, and A, al- 
though in an implicit form. 

When the velocity profiles of the MIL model, Equa- 
tions( 85) and (86), are substituted into Equation (69),  
the equation for the instantaneous correction factor A, it 
becomes (see Appendix B) 

- c 

G x  
1 +  ~ A C O S ~ T ; ,  

w 

2TL 
1 

A =  

(i-+,3) + 3 A ~ ~ ~ ~ 2 ~ ~ ,  

2(B-1)[cu2(1-AA2)-1] 

- ( l -A) tanTxl )  - ( (1-A)tanTx.) ] 
[ tan-1( -tan-' 

d-2 d/1--;42 

- >" (97) 
2 A 2 / 3  - + - [sin 4~x1- sin h x , ]  

12 
- - I  

This e uation then gives A as a function of x,, xl, L 

A. However, x, is a function of XI, L, and the constants, 

so A is a function of xl, L, and the constants. If Equation 

- - -  and the hy 1 rodynamic constants of the system a,  8, and 

- -  
- _  

(97) were now averaged over XI, A would be a function - 
only of L and a, 8, and A. 

However, because of the extreme complexity of Equa- 
tions (93) through (97), the evaluation of n will neces- 
sarily have to be done by numerical analysis. This is being 
started, and the results will be the subject of a future 
paper. 

From the behavior of the Ruckenstein and Berbente 
mass transfer model (13), it is expected that 1 will ap- 
proach a constant value as L becomes large. 

HIGH MASS TRANSFER AND CHEMICAL REACTION 

Since the surface-stretch model can be extended to 
predict the effect of high net-mass transfer rate and the 
effect of simultaneous diffusion and chemical reaction 
(2),  and since this extension predicts that these effects 
are the same as for nonstretching surfaces, it can be stated 
that these effects will be the same for rippling films as 
for the flat, nonrippling films, which have been well in- 
vestigated both theoreticaIIy and experimentally. 
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NOTATION 

A = amplitude of ripples, dimensionless 
a = constant, a = (1 - 2/3 8 )  , dimensionless 
b = constant, b = 1/3 A JB, dimensionless 
c = ripple celerity, cm./sec. 
C = total molar density of solutions, moles/cc. 
CA = concentration of A in liquid, moles/cc. 
C A ,  = concentration of A in liquid at interface, moles/ 

Cam = concentration of A in liquid far from interface, 

D A B  = effective diffusivity of species A through liquid B ,  

d S  = fluid surface element, sq.cm. 
dS, = reference surface element, dS, = 3/2 V ,  dt'dz, 

e = J f  du, a function of u, dimensionless 
f = 1/g, a function of u, dimensionless 

= a + b . cos u, a function of u, dimensionless gh = film thickness, cm. 
h, = average film thickness, cm. 
I ,  = integral defined by Equation (B16) 
II = integral defined by Equation (A121 
I 2  = integral defined by Equation (B2) 
kx = instantaneous mass transfer coefficient, moles/ 

L = length of system, cm. 

L = dimensionless length of the system 
m A  = moles of A absorbed by surface element, moles 
n = coordinate normal to interface, cm. 
N p e Z l  = film Peclet number for mass transfer, N p e S l  = 

NpePZ = length Peclet number for mass transfer, N p e S 2  = 

N s t A B  = Stanton number for mass transfer, NstAB = 

P1 

P2 
T 

r, 

s 
t = time, sec. 
t' 

cc. 

moles/cc. 

sq.cm./sec. 

sq.cm. 

sq.cm.-sec. 

- 

h o V o / D A B  

LVJDAB 

kx/Coo 
2 

= displacement vector, defined by Equation (8) 

= displacement vector, defined by Equation (9) 
= dimensionless constant, r = .\/b + a /b  - a 

= position vector of a point on the liquid surface, 

= dimensionless constant, s = +a + b/a - b 

= age of a fluid surface point, sec. 

A 

A 

cm. 
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tf 

t( 

= time at which a given surface element enters the 

= age of a surface element when exiting from sys- 
system, sec. 

u =  
vn = 
vo = 
v ,  = 

A 
vz = 

- 
v, = 

uy = 

A 
vy = 

- 
v y  = 

w =  
w =  

x =  
A 
x =  

- 
x =  

A 
xo ’= 

A 
X I  = 

Y =  
z =  

tern, sec. 

variable of integration, u = 2 a ,  dimensionless 
velocity normal to interface, cm./sec. 
average velocity of liquid, cm./sec. 
x component of fluid velocity, relative to fixed co- 
ordinates, cm,/sec. 

x component of velocity, relative to ripple-fixed 

coordinates, vz = v, - c, cm./sec. 

dimensionless x component of velocity relative to 

ripple-fixed coordinates, v, = V , / Z I ,  
y component of fluid velocity, relative to fixed co- 
ordinates, cm./sec. 

y component of velocity, relative to ripple-fixed 
coordinates, cm./sec. 

dimensionless y component of velocity relative to 

ripple-fixed coordinates, vy = V ~ / Z ) ~  
width of system, cm. 
variable of integration, w = tan u/2, dimension- 
less 
coordinate down column surface, cm. 

coordinate down column surface, relative to a 
given ripple, x = x - ct, cm. 

dimensionless coordinate relative to ripple-fixed 

coordinates, x = x / A  

initial ripple-fixed x coordinate of a surface ele- 

ment, xo = -c tf, cm. 

final ripple-fixed x coordinate of a surface ele- 

ment, xl = L - ctl, cm. 
coordinate perpendicular to column surface, cm. 
coordinate across column surface, cm. 

- 

A 

A - 

A - 

- 

A 

A 

Greek Letters 
a = dimensionless wave number, a = 2rrhO/A 
/? = dimensionless celerity, /3 = c/v,  
SAB = mass transfer boundary-layer thickness, cm. 

6, = unit vector in x direction 

6, = unit vector in y direction 

6, = unit vector in z direction 
aCA = total available concentration difference, ACA = 

C A ~  - CA-, moles/cc. 
AX, = total available mole-fraction difference AXA = 

ACA/C, dimensionless 
5 = dummy variable in Equations (A25) and (A26) 
7 = surface displacement because of ripples, 7 = 

A = instantaneous mass transfer correction factor for 

A = wavelength of periodic ripples, cm. 
f = local dimensionless coordinate, [ = y/h 
LlTERATURE CITED 

A 

d 

A 

A cos [ 2n (x - ct ) /A], dimensionless 

effect of ripples, dimensionless 

1. Angelo, J. B., E. N. Lightfoot, and D. W. Howard, 

2. Angelo, J. B., E. N. Lightfoot, and W. E. Stewart, 
AIChE J . ,  12,751 ( 1966). 

in preparation. 
3. Anshus, B. E., Ph.D. thesis, Univ. Calif., Berkeley (1965). 
4. Beniamin. T. B.. J .  Fluid Mech., 2. 554 1957 ). 
5. Fuliord, G. D.; i n  “Advances ‘in’ Chemical Engineering,” 

T. B. Drew, J. W. Hooper, and Theodore Vermeuler, eds., 

Vol. 5, pp. 151-236, Academic Press, New York (1954). 
6. Howard, D. W., C. Massot, and E. N. Lightfoot, in 

preparation. 
7. Jones, L. O., and Stephen Whitaker, AIChE J., 12, 525 

(1966). 
8. Kapitza, P. L., Zh. Eksperim. i Teor. Fiz., 3, 18 (1948). 
9. - , and S. L. Kapitza, ibid., 19, 105 (1949). 

10. Kaplan, W., “Advanced Calculus,” p. 206, Addison-Wesley, 

11. Lochiel, A. C., and P. H. Calderbank, Chem. Eng. Sci., 

12. Massot, Claude, Farhad Irani, and E. N. Lightfoot, 

13. Ruckenstein, E., and 42, Berbente, Chem. Eng. Sci., 20, 

14. Yih, C. S., Phys. Fluids,. 6,321 (1963). 

Reading, Mass. ( 1952 ). 

19,471 (1964). 

AIChE I., 12,445 (1966). 

795 ( 1965). 

Manuscript received July li?, 1967; 
1967; paper accepted Januury 8, 1968. 

reoision receioed December 2, 

APPENDIX A 
Equation (87) is 

where - 
11 .= A C O S ~  

Define 
“=(1--38) 2 

w 

u = 2 m  
Equation (A1 ) becomes - - -  

du (A6) 
2 

--B 
3 

or 
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which can be rearranged to give 
c - -  - 

n[L + ~ ( x O - X ~ ) ]  2='1 du 
- = 11 (A12) 

B -  1 - i n %  a + b c o s u  

This can now be integrated for two cases, a2 > b2, and a2 < 
b2. 

Noncirculating (a2 > W )  
Let 

w = tan uf 2 (A131 

A =  

1-w2 
1 + w2 

* .cosu=- 

- - 
1 + A p cos 2m0 

-!!- (B4) - ( 1-+/3) + $PA cos %x0 %Z 

Therefore 
I 

or 

or - 

This then yieMs Equation (93). 

Circulating to2 < bz) 
into (A12), but the result is factored differently to give 

Again, Equations (A13),  (A14), and (A15) are substituted 

( b  - a ) w  + flm 
( b  - a ) w  - q m  

(A%) 

11 = 

This gives Equation (94). 

(A24) by use of the two identities 
Equations (95) and (96) can be derived from Equation 

+ E,E2 < 1 
1 

tanh-1 = - In - 
2 1--t 

and 

coth 5 = - In - 5+152,1  
2 E-1' 

whose applications are straightforward. 

APPENDIX B 

tion (69), the result is 
Upon substitution of Equations (85) and (86) into Equa- 

where 

and 

Thus 

where 

1 + A 

where 

r = d3Z 
b - a  

This integrates to 

Using substitutions (A3), (A4), and (A5) from Appendix 
A, we eet 



But 
( 1 + A cos U )  - 1 

A 
cos u = 

then 
cos u 1 1 =-- 

1 + A c o s u  A A ( l  + Acosu) 

C O S ~ U  l +  Acosu 2 1 -- - - 
1 + Acosu A2 AZ + ~ z ( i + ~ ~ ~ ~ ~ )  

c0s3u ( 1 + A c o s u ) 2  3 ( 1 +  Acosu)  - - - 
1 + A cos u A3 AS 

3 1 
A3 l + A c o s u  

+-- 
Therefore 

cosudu u 1 du 
S 1 + A c o s u  A A s 1 + A c o s u  

z--- 

cos2 u sinu u 1 du =--- 

C O S ~  u sine sin2u 
4A $1 + Acosu 

Define 
du 

1 + A cos u lo == 

Since A < 1, the integral I, can be obtained in closed form 
simply by replacing a by 1 and b by A in Equation (A19). 
This gives 

Equations ( B 3 ) ,  (B17), and (B18) then yield 
(97) .  

Optimal Control of a Distillation Column 
C. B. BROSILOW and K. R. HANDLEY 

Optimal feedback control has been implemented on a fifteen tray pilot scale rectifying col- 
umn. The results show that excellent control i s  obtained in spite of major upsets in the feed 
flow rate and for large changes in the controller set point. Design and implementation costs 
for the optimal control system should be competitive with those for standard control systems. 

This paper is the first in a projected series of papers on 
the optimal control of countercurrent separation processes. 
Binary distillation has been chosen as the first type of 
countercurrent process to be studied because it presents 
the fewest difficulties in the design and implementation of 
the control system. For example, in a binary system, the 
dynamic state of the process can be estimated by measur- 
ing the temperature on every tray. This is an easy opera- 

tion in comparison to measuring compositions which are 
required in an absorber or extractor. To make matters 
easier, this study deals on1 with the control of the over- 

is presently going on to extend results to a full column, 
and no special probleins are anticipated. 

Normally the control objective in distillation is to keep 
the process at the desired steady state in spite of dis- 

head composition in a irecti r ying section of a column. Work 
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